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ON PARACOMPACT SUBSETS OF LINEAR TOPOLOGICAL SPACES
(1) C°°(Mj, A!,), the space of smooth maps from Ml to M,, which is a differentiable manifold modeled on a Frechet nuclear space.
(2) LPAM X,MA), where k > (dimension (AI j))/p, the space of Sobolev maps from M. to M whose distributional derivatives are in Lp tor those derivatives of order less than or equal to k.
Of course, it has been known for some time that example (2) is a differ- (1) (J is paracompact.
(2) U is a-compact. (4) Z -U is a Gs in Z.
Proof. The equivalence of (2), (3) and (4) Definition. Let V be a Banach space, E the dual space of V. Denote by X the underlying vector space of E, endowed with the strongest topology which agrees with the weak-star (w ) topology on bounded subsets of E.
We will call such a space X a bw space.
Note that the underlying sets of E and X are the same, so that a subset of X may be simultaneously considered as contained in both E and X.
Proposition.
(1) X is a locally convex space.
(2) X is o-compact.
(3) X is regular.
(4) The strong dual of X is V.
Proof. Two very different proofs of ( 1) (1) U.C U, i= 1, 2.
(2) U . is not paracompact.
(3) IA. is paracompact.
Proof. Let y be a point in U such that y 4 x, and let U, -U -iyl.
Then Lemma 6 implies that U, is not paracompact.
To show the existence of U2, assume that x = 0, and let A be a contin- X is both ''locally paracompact", and "locally nonparacompact".
Note that very slight modifications of the techniques employed above will prove the corresponding results for the w* topology on dual Banach spaces.
Corollary. Let X be a bw space which has a nonseparable strong dual, and let M be a nonempty paracompact manifold modeled on X. Then there exist open submanifolds of M which are not paracompact.
